The relativistic Vlasov-Maxwell system of plasma physics is considered with initial data on a past light cone. This characteristic initial value problem arises in a natural way as a mathematical framework to study the existence of solutions isolated from incoming radiation. Conservation laws and a priori estimates of smooth solutions are first derived in a formal way. In the spherically symmetric case, the existence of a unique classical solution in the future of the initial cone follows by arguments similar to the case of initial data at time t = 0. The total mass-energy of spherically symmetric solutions equals the (properly defined) mass-energy on backward and forward light cones.
Introduction
In a system of Cartesian coordinates (t,x), t ∈ R, x ∈ R 3 , the Vlasov-Maxwell system is given by ∂ t f + p · ∇ x f + (E + p × B) · ∇ p f = 0, (1.1)
2)
∇ · E = ρ, ∇ · B = 0, (1.3) ρ(t,x) = f (t,x,p)dp, j(t,x) = pf (t,x,p)dp.
(1.4)
The Vlasov-Maxwell system models the dynamics of collisionless plasmas. We consider for simplicity a plasma consisting of a single species of particle. The unknowns are the particle density in phase-space, f = f (t,x,p), where p ∈ R 3 is the momentum variable, and the mean electromagnetic field (E,B) = (E,B)(t,x) generated by the particles. The expression p = p 1 + |p| 2 denotes the relativistic velocity of a particle with momentum p. Units are chosen such that the mass and the charge of each particle and the speed of light are equal to unity. The simbol × denotes the usual vector product in R 3 . We refer to [2, 4, 8, 10, 11, 13, 14, 15, 16] for background on the Cauchy problem for the Vlasov-Maxwell system. Classical solutions of (1.1)-(1.4) satisfy the energy identity ∂ t e + ∇ · p = 0, (1.5) where e(t,x) = 1 + |p| 2 f dp + 1 2 |E| 2 + 1 2 |B| 2 , p(t,x) = pf dp + E × B.
Integrating (1.5) one obtains the conservation of the total energy M (t) = 1 + |p| 2 f dpdx + 1 2
Solutions of Vlasov-Maxwell also satisfy the continuity equation ∂ t ρ + ∇ · j = 0, ρ(t,x) = f dp, j(t,x) = pf dp, (1.7)
which upon integration leads to the conservation of the total (rest) mass N (t) = f dpdx = const.
(1.8)
The purpose of this paper is to set up a mathematical framework for studying the existence of solutions to the Vlasov-Maxwell system which satisfy the noincoming radiation condition, that is for all v 1 ,v 2 ∈ R, where dS r is the surface element on the sphere of radius r and k = x/r is the unit normal on this sphere. This corresponds to the physical condition that the electromagnetic field carries no energy to the past null infinity of Minkowski space, see [4, 5] . Solutions of Vlasov-Maxwell isolated from incoming radiation were first studied in [4] . The result of [4] is that such solutions exist globally in time for small data of the Cauchy problem (i.e., data at time t = 0). However the Cauchy problem is not a natural framework to generate solutions isolated from incoming radiation. In fact, since the no-incoming radiation condition is imposed at t → −∞, there is no meaningful notion of local isolated solutions with data at t = 0. Therefore, in the framework of the Cauchy problem, one can only prove the existence of global (or semiglobal) solutions which satisfy (1.9). This requires the use of uniform in time a priori estimates, which are not available in general for non-linear problems.
A more natural setting for the study of isolated solutions is the initial value problem with data on a surface which cuts past null infinity. Examples of such surfaces are past light cones and backward hyperboloids. This paper is concerned with the first case.
Another motivation for studying the initial value problem with data on a past light cone comes from physical grounds. The initial data correspond to the outcome of an experimental measurement on the state of the physical system at the present time; the existence of a unique solution with the given data assures that the outcome of any future measurement is predicted by the theory. If this physical interpretation of the initial value problem is accepted, then it is clear that the initial data for relativistic models, such as the Vlasov-Maxwell system, should be given on a past light cone. In fact the set of events which are accessible to an observer at the proper time t = 0 lie on the past light cone with vertex on the world line of the observer at t = 0. The state of the system on the surface t = 0, on the other hand, cannot be measured, because these events form a spacelike hypersurface in Minkowski space. Such a discrepancy between the "physical" and the "mathematical" initial value problem has been sometimes discussed in the physical literature (see [6, 7, 9] and the references therein).
In order to study the Vlasov-Maxwell system with initial data on a past light cone, we first rewrite the equations in the coordinates (v,x), where x ∈ R 3 and v ∈ R is the advanced time, which is defined by the condition that the surfaces v =constant correspond to the past light cones with vertex on the timelike curve |x| = 0 (the world-line of the observer). Denote by f ∧ = f ∧ (v,x,p), (E ∧ ,B ∧ ) = (E ∧ ,B ∧ )(v,x) the particle density and the electromagnetic field expressed in these coordinates. They are related to the solutions of (1.1)-(1.4) by f ∧ (v,x,p) = f (v − |x|,x,p), (E ∧ ,B ∧ )(v,x) = (E,B)(v − |x|,x) and therefore they satisfy the equations
where
Initial data are given at v = 0 and denoted by
In this paper we are interested in the question of existence and uniqueness of classical solutions in the future (i.e., for v ∈ [0,∞[) which match the initial data at v = 0. Obviously, one cannot expect (in general) that a unique solution is determined by initial data at v = 0, since the intersection between the initial surface and the domain of dependence of the solutions on a space-time point in the future is not a compact set. However it turns out that the Maxwell equations (1.11)-(1.14) have indeed at most one solution for given data (E in ∧ ,B in ∧ ) at v = 0 provided the no-incoming radiation condition is satisfied. This suggests that the seek of solutions to the initial value problem with data on a past light cone should be restricted to the class of solutions isolated from incoming radiation. This paper is organized as follows. In Section 2 we prove some general properties of smooth solutions to the system (1.10)-(1.15). The results of Section 2 are conditional, as they assume the existence of global classical solutions. In Section 2 we also discuss the relation between the conservation laws satisfied by solutions with data on a past light cone and solutions with data at t = 0. Note in fact that for solutions with data on a past light cone, the conservation of the total mass and of the total energy are not obvious. In Section 3 we consider spherically symmetric solutions. In spherical symmetry the electromagnetic field vanishes identically (if decay at infinity is imposed) and the Maxwell equations reduce to the Poisson equation for the electric field. Hence radiation does not propagate in spherical symmetry . In this simple case it is easy to prove the existence of a unique solution to the initial value problem forward in time. The proof is identical to the one for the Cauchy problem given in [12, 14] and therefore it will be omitted. As a corollary of the global existence theorem, we show that spherically symmetric solutions satisfy the conservations laws (1.6), (1.8) and that the the total mass-energy equals the mass-energy on the past light cones and on the future light cones.
In a subsequent publication the results of this paper will be extended to the Nordström-Vlasov system (see [3] for a derivation of this model). While it is easy to generalize the formal analysis of Section 2 below to the Nordström-Vlasov system, the proof of global existence and uniqueness of spherically symmetric solutions is different and considerably more involved since the Nordström scalar field equation remains hyperbolic-and so radiation propagates-also in spherical symmetry.
The initial value problem with data on a past light cone
An assumption on the initial data which will be made throughout is that
and we define
Hence f in ∧ = 0, for |x| R 0 . In this section we study several properties of global solutions satisfying the regularity condition
and so they are solutions of (1.10)-(1.15) in a classical sense. We also assume that f ∧ has bounded support in the momentum, precisely
We split the analysis in two different subsections.
The Vlasov equation
We start by pointing out some basic properties of f ∧ . Note the estimate
hence when the support in p of f ∧ is bounded, the equation (1.10) is equivalent to
where p 0 is defined by
The characteristics of the differential operator in the left hand side of (2.2) are the solutions ofẋ
and we denote by (X,P )(s,v,x,p), or simply (X,P )(s), the characteristic satisfying (X,P )(v) = (x,p). Since the particle density f ∧ is constant along these curves, we obtain the following representation formula for the solution of the Vlasov equation:
In particular f ∧ remains non-negative for all times and
In the next lemma we estimate the x−support of f ∧ .
Lemma 1 For all
Proof: For all 0 s v we have, by the first equation in (2.3),
where K = X/|X|. Let [s,v] = I − ∪ I + , where
For s = 0 this entails |x| R 0 + 1 2 v in the support of f ∧ . 2 We shall now derive the conservation laws satisfied by the solutions of (2.2). A straightforward computation reveals that the right hand side of the system (2.3), i.e., the vector
where P = P/ √ 1 + P 2 . In fact, each side of (2.5) equals, along characteristics,
Hence using (2.4) the next lemma follows.
Lemma 2 For any measurable function
In particular, by choosing Q(z) = z q , q 1,
The case q = 1 in (2.6) corresponds to the conservation of the (rest) mass on the past light cones. To be more precise, observe that ρ ∧ , j ∧ defined in (1.15) satisfy the equation
The latter can be proved either by using (2.2) or by a simple change of variable in (1.7). We define the mass N ∧ (v) on the past light cone at time v as
Note that the function n ∧ (v,·) is non-decreasing and so the above limits exists. By (2.6), N ∧ (v) = N ∧ (0), for all v 0. The total mass of a solution, given by (1.8), can be rewritten as
By Lemma 1 all characteristics of the Vlasov equation must cross the surfaces t = v + |x| = const. for all t 0 in compact sets of x. This means in particular that no mass can be lost at spacelike infinity, which explains why the following lemma holds true.
Proof: Integrating (2.7) between v and v + |x| we get
Integrating in the region |x| r we get
Now we use the identity
Substituting into (2.8) and using the Gauss theorem we obtain
By Lemma 1, the integral in the right hand side of (2.9) vanishes for r > 2R 0 + v. The claim follows by letting r → ∞. 2 Next we define the mass on the future light cone at time v as
By a change of variable in (2.7) (or in (1.7)) we have
Integrating (2.7) in time between v and v + 2|x| and proceeding as in the derivation of (2.9) in Lemma 3 we obtain
Moreover, by (2.10), n ∨ satisfies the equations
The next lemma follows.
Lemma 4 The function N ∨ (v) is non-increasing, that is,
Proof: Integrating the second equation in (2.12) along characteristics we have
, for all v 2 v 1 and r > v 2 . In the limit r → ∞ this implies that N ∨ is non-increasing. The claim (i) follows by integrating in time the first equation in (2.12) on the interval [v 1 ,v 2 ] and letting r → ∞, while (ii) follows by (2.11), again in the limit r → ∞.
2
Remark 1 For solutions with data on a past light cone it is not obvious that N ∨ (v) is bounded. Moreover, even if bounded, it needs not to be constant. If
measures the mass lost at future null infinity in the interval [v 1 ,v 2 ] of the advanced time. Finally, even if N ∨ is bounded and constant it is not obvious that it must equal N ∧ , since the limit condition in (ii) of Lemma 4 might not be satisfied.
The Maxwell equations
We now pass to study some general properties of the electromagnetic field (E ∧ ,B ∧ ). First we show the equivalence of the Maxwell equations (1.11)-(1.14) with the evolution equations (1.11)-(1.12) and a set of constraint equations on the initial data. From (1.11) and (1.13) we obtain
(2.13)
Moreover from (1.12) and (1.14) we have
On the other hand, the equation (1.13) follows from (1.11) and (2.13), whereas (1.14) follows from (1.12) and (2.14). Hence the whole set of the Maxwell equations is equivalent to the system composed by (1.11)-(1.12) and (2.13)-(2.14). Moreover it is a simple exercise of vector algebra to show that (2.13) and (2.14) are constraint equations on the initial data, i.e., they are satisfied for all times provided they are satisfied at time v = 0 and E ∧ ,B ∧ ,ρ ∧ ,j ∧ satisfy (1.11), (1.12) and (2.7). The latter holds for the Vlasov-Maxwell system in virtue of the Vlasov equation (1.10). Hence, in conclusion, the Vlasov-Maxwell system is equivalent to the set of equations (1.10)-(1.12) equipped with initial data (f
where ρ in ∧ = f in ∧ dp and j in ∧ = pf in ∧ dp.
The no-incoming radiation condition in the coordinates (v,x) reads as in the following

Definition 1 A solution of (1.10)-(1.15) is said to satisfy the no-incoming radiation condition (NIRC) if, for all
Remark 2 Of course, one can define local isolated solutions in a interval [0,V [, V > 0, by requiring that the above limit is zero for all
Likewise we may introduce the concept of outgoing radiation as in [5] . 
Definition 2 The outgoing radiation
provided the limit exists.
The energy identity in the coordinates (v,x) reads
where e ∧ = 1 + |p| 2 f ∧ dp + 1 2
The identity (2.16) can be proved either by a direct calculation using the equations (1.10)-(1.15), or by a simple change of variables in (1.5). Next define
By (2.16), m ∧ satisfies the equations
We define the energy M ∧ (v) on the past light cone at time v as
The function m ∧ (v,·) is non-decreasing and so the above limit exists.
Lemma 5 M ∧ is a non-decreasing function:
M ∧ (v 1 ) M ∧ (v 2 ), ∀ v 1 v 2 .
Morever if the NIRC is satisfied then M ∧ (v) is constant for all v 0.
Proof: For all v 1 v 2 and r > v 2 − v 1 we have, by the second equation in
and letting r → ∞ we prove that M ∧ is non-decreasing. To show that M ∧ is constant in the absence of incoming radiation, we use that, by the first equation in (2.17),
By Lemma 1, the first term in the right hand side vanishes for r 2R 0 + v 2 , while the second term tends to zero in the limit r → ∞ by the NIRC. 2 From Lemma 5 we obtain the following uniqueness theorem for the equations (1.11)-(1.12).
Lemma 6 (E ∧ ,B ∧ ) ≡ 0 is the unique C 1 solution of the homogeneous system
which satisfies the NIRC and the initial condition (E ∧ ,B ∧ )(0,x) = 0.
Proof: By Lemma 5 we have
Hence the solution is a plane wave propagating along the k−direction, i.e., the vectors (E ∧ ,B ∧ ,k) form an orthogonal triad. It follows by (2.18) that ∇ × E ∧ = ∇ × B ∧ = 0 and so, by (2.13)-(2.14), ∇ · E ∧ = ∇ · B ∧ = 0. The claim follows. 
where C is a positive constant which depends only f in ∧ ∞ .
Proof: We write
where in the second line we choose
The claim follows. 2 We shall now briefly discuss the relation between the the total energy and the energy on the past light cones. The total energy (1.6) can be rewritten as 
The right hand side of (2.20) is non-negative in the + sign case and non-positive in the − sign case.
Lemma 8
The total energy is constant, i.e., We emphasize that for solutions with data on a past light cone, it is not obvious that M is bounded. If it is bounded, then, by Lemma 8, it is conserved. In the latter case, however, the total energy and the energy on the past light cones might not be equal. To see this consider the equation
which is the analogue of (2.9) and which is obtained by (2.16) using the argument of Lemma 3. By Lemma 1 and (2.21) we have
is the field outside the support of the matter. Hence the answer to the question whether or not M ∧ = M depends on the decay of the solutions of (2.18) as r → ∞. Since for spherically symmetric solutions the magnetic field vanishes identically, then by the above formulas we have Lemma 9 For spherically symmetric solutions,
To conclude this section we study the evolution of the energy on the future light cones. Let e ∨ (v,x) = e ∧ (v + 2r,x) = e(v + r,x),
which satisfy the equation
and note the equations
By (2.23), (2.24) and by the same argument as in the proof of Lemma 4 we obtain
Remark 4 Although in (3.26) the particle density still appears as a function of (v,x,p), in spherical symmetry we can actually write
see [14] .
In the spherically symmetric case we have the following global existence theorem: (3.27)
The proof of Theorem 1 is formally identical to the case of the Cauchy problem with data at time t = 0 given in [12] (see [14] for the case of two different species of particle). In fact, by (2.6) for q = 1 we have
Moreover, the bound (ρ ∧ + j ∧ · k) ≤ CP ∧ (v) 3 , Lemma 7 and Hölder's inequality imply Hence the electric field satisfy the same estimates as in [12] . The proof now proceeds exactly as in [12] . We omit the details and pass to the proof of the following 
